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Shrinkage and Stein's phenomenon
®0

A small recap of Stein’s phenomenon

Gaussian sequence model: y € R"y ~ N(u, 01,), we
want to estimate pu.

Linear estimators fi(y) = Ay, (A = I, is the ML solution)
Error Ey[[| A(y) — pl|°]
Akaike information criterion (AIC) for linear estimators

Taking A = s/, and minimizing with respect to s gives
o ncr2
aly) = (1= )y
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Shrinkage and Stein's phenomenon
oce

A small recap of Stein’s phenomenon

AIC for non-linear estimators = Stein’s unbiased risk
estimate

na2

Apply it to estimators of the form fi(y) = (1 — W)y
Conclude that MLE is not admissible

Let's re-do these steps.

Hugo RICHARD (research.hugo.richard@gmail.com) - High dimensional statistics Part 2: Shrinkage and Stein's phenomenon



Gaussian integration by parts
@000

Gaussian integration by part

Lemma (Scalar to scalar function, standard Gaussian)
ifz~N(0,1) and f : R — R is differentiable such that

E[|f(2)|]] < oo and E[|f'(z)|] < oo then E[zf(z)] = E[f'(2)].
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Gaussian integration by parts
@000

Gaussian integration by part

Lemma (Scalar to scalar function, standard Gaussian)
ifz~N(0,1) and f : R — R is differentiable such that

E[|f(2)|]] < oo and E[|f'(z)|] < oo then E[zf(z)] = E[f'(2)].
Proof.

E[zf(2)1(z > 0)] = /O'OO ng(z)('/ohz Fi(t)dt)dz (1)

= [T z2o@dd @)

= /0 f'(t)p(t)dt (3)

— E[1(z > 0)f'(2)] 4)

Do the same with z < 0. O
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Gaussian integration by parts
(o] Tole]

Gaussian integration by part

Lemma (Scalar to scalar function, scaled Gaussian)
if z~ N(0,0%) and f : R — R is differentiable such that

E[|f(2)|] < oo and E[|f'(z)|] < oo then
E[zf (2)] = o°E[f'(2)].
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Gaussian integration by parts
(o] Tole]

Gaussian integration by part

Lemma (Scalar to scalar function, scaled Gaussian)
if z~ N(0,0%) and f : R — R is differentiable such that

E[|f(2)|] < oo and E[|f'(z)|] < oo then
E[zf (2)] = o°E[f'(2)].

Proof. y
For o # 1, take g = z/o and f(u) = f(ou)

Elgf(g)] = E[F'(g)] (5)
= E[zf(2)] = c’E[f'(2)] (6)
L]
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Gaussian integration by parts
[ee] 1o}

Gaussian integration by part

Lemma (vector to scalar function)
ify ~ N(w,0?l,) and g : R" — R is differentiable, integrable

and so are the partial derivatives of g, then:
E[(yi — 1i)g(y)] = o*E[FE (y)]
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Gaussian integration by parts
[ee] 1o}

Gaussian integration by part

Lemma (vector to scalar function)
ify ~ N(w,0?l,) and g : R" — R is differentiable, integrable

and so are the partial derivatives of g, then:
E[(yi — 1i)g(y)] = o*E[FE (y)]

Proof.

Take z = (y1 — p1) and f(z2) = g(p1 + z, 2, - -, ¥n)-
E.[zf(2)|y2.] = U2E2[f,( )y2:n] (7)
= B, (1 - in)e(0lnl = Bl E W)lre] ®)

S E,, (Bl — 1)e(y)lyanl] = OZEyz;n[Eyl[gfl(y)yzm]]

O
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Gaussian integration by parts
oooe

Gaussian integration by part

Lemma (vector to vector function)
ify ~ N(p,0%l,) and f: R™ — R" is such that all coordinate

functions are integrable with integrab/e partial derivatives then
El(y — 1) "f(y)] = °E[Z]; 55 (¥)]
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Gaussian integration by parts
oooe

Gaussian integration by part

Lemma (vector to vector function)
ify ~ N(p,0%l,) and f: R™ — R" is such that all coordinate

functions are integrable with integrab/e partial derivatives then
El(y — 1) "f(y)] = °E[Z]; 55 (¥)]
Proof.

El(y — p) ' f(y ]—ZE[ (¥)] (9)

> PR ay, (10)

i=1
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Stein’s unbiased risk estimate
°

Stein’s unbiased risk estimate

Theorem
Take fu = f(y) and 7 = [ly — (y)|[2 + 20257, 2 (y) — no?,
then E[#] = E[[|1¢ — 1|}

Proof.
E[la—y+y— plf] (11)
=E[lli —yl* + lly — el +2(2& — yly — p)] (12)
= E[[[f(y) — ylI* + [[ell® + 2(ale) — 2(y|e)] (13)
=E[|ly — f(y)|]* + no? +20220y, y) —2n0?]  (14)
[]
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Stein’s paradox
°

MLE is not admissible

Theorem
Take f(y) = (1 — iy H2)y Then

E[Hﬁ*/LHz] = E[f] = E[Hy”z( —q—4)]
Proof.

04 2
ly — f(y)II* = H”yH2yH2 q

O
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Stein’s paradox
°

MLE is not admissible

Theorem
Take f(y) = (1 — iy H2)y Then

E[Hﬁ*/LHz] = E[f] = E[Hy”z( —q—4)]
Proof.

04 2
= lly—f()I*= H”yH2yH2 q

of; o o2 202 f
= o) =)+ Tﬁ“y

O
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Stein’s paradox

MLE is not admissible

Theorem
Take f(y) = (1 — iy H2)y Then
E[Hﬁ*/LHz] :E[rf] = E[Hy”z( - Q*4)]
Proof.
04q2

= fly—fI* = ||yH2-yH2

oq)+ZUQY,

of; _
= o (W) ==

[ ] 20 Zn 137( )_2n(]'2(1 W)—‘— |H
2no? — “‘T;HZ(2n—4)
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Stein’s paradox

MLE is not admissible

Theorem
Take f(y) = (1 — iy H2)y Then

E[Hﬁ*/LHz] = E[f] = E[Hy”z( —q—4)]
Proof.

= lly—f()I*= H”yH2yH2 Uq

. Ofi _ a’q 20%qy?
oy () = (L= 1) + e

= 20230, 3—( ) = 2nc?(1 — W)+ IH
2n02—m(2n—4)
= Fr=ly = f(y)IIP +20° 7, §i(y) — no® =

no? — ||yH2(2n qg—4)

O
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