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Introduction

Gaussian sequence model
Observe one sample y € R".y ~ N (s, ?1,).

How to estimate the mean p ?
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Introduction

Gaussian sequence model
Observe one sample y € R".y ~ N (s, ?1,).

How to estimate the mean p ?

Example (Practical instance)

Tasks
Proportion of people that vote Trump? (p1)

Proportion of people with blue eyes in France? (u»)
Proportion of new baby girls in Congo? (u3)

Observations
Result of a pole in New York (y;)

Proportion of people with blue eyes in Paris (y»)
Proportion of new baby girls in Brazaville (y3)
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Introduction

Gaussian sequence model
Observe one sample y € R".y ~ N (s, ?1,).

How to estimate the mean p ?

Example (Maximum likelihood solution)

Solve
[ = argmax P(y) (1)
u
1y — 2
_ e exp( > Hy : N’H ) (2)
p (2n)?
=y (3)
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Introduction

Gaussian sequence model
Observe one sample y € R".y ~ N (s, 5?1,).

How to estimate the mean p ?

Example (Maximum likelihood solution)
fr=y

How good it is ?
Mean square error E,[||(y) — p|?]
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Introduction

Gaussian sequence model
Observe one sample y € R".y ~ N (s, 5?1,).

How to estimate the mean p ?

Example (Maximum likelihood solution)
n=y

How good it is ?

Mean square error E,[||(y) — p|?]

Definition (Admissible estimator)
f1(y) is not admissible if there exists fi*(y) such that

Vi € R, Eylily) - ul2l = Byllla*(y) - ull? (inequality
strict for at least one value of p)
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Introduction
Observe one sample y € R".y ~ N(, ?1,).

How to estimate the mean g 7
Example (Maximum likelihood solution)
=y
Definition (Admissible estimator)
f1(y) is not admissible if there exists fi*(y) such that
Y e R, Ey[|laly) — pll?] = Ey[[|4*(y) — plf?] (inequality
strict for at least one value of )
The maximum likelihood solution is not
admissible
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Some estimators of the form i = Ay

y e R"y ~ N(p,02l,)

Shrinkage by a multiplicative constant
Take f1s = sy with s € [0, 1].
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Some estimators of the form i = Ay

y € Ry ~ N(p,0l,)
Shrinkage by a multiplicative constant
Take f1s = sy with s € [0, 1].

Ey[l| s — p[|?]
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Some estimators of the form i = Ay

y € Ry ~ N(p,0l,)
Shrinkage by a multiplicative constant
Take f1s = sy with s € [0, 1].

Ey[llfs — pll’] = Byl s — %] (4)
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Some estimators of the form i = Ay

y e R"y ~ N(p,02l,)

Shrinkage by a multiplicative constant
Take f1s = sy with s € [0, 1].

Ey[llfs — pll’] = Byl s — %] (4)
= |[Eylfrs] — pll® + Eylll s — By 2]l (5)
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Some estimators of the form i = Ay

y e R"y ~ N(p,02l,)

Shrinkage by a multiplicative constant
Take f1s = sy with s € [0, 1].

Ey[llfs — pll’] = Byl s — %] (4)
= |[Eylfrs] — pll® + Eylll s — By 2]l (5)
= (s — 1)°[|pll* + s*no* (6)
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Some estimators of the form i = Ay

y e R"y ~ N(p,02l,)

Shrinkage by a multiplicative constant
Take f1s = sy with s € [0, 1].

Ey[llfs — pll’] = Byl s — %] (4)
= |[Eylfrs] — pll® + Eylll s — By 2]l (5)
= (s — 1)°[|pll* + s*no* (6)

Taking s = argmin, E,[||fts — p||*] we get s = HTI/H;LHZ <1
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Some estimators of the form i = Ay

y e R"y ~ N(p,02l,)

Shrinkage by a multiplicative constant
Take f1s = sy with s € [0, 1].

Ey[llfs — pll’] = Byl s — %] (4)
= |[Eylfrs] — pll® + Eylll s — By 2]l (5)
= (s — 1)°[|pll* + s*no* (6)

Taking s = argmin, E,[||fts — p||*] we get s = HTI/H;LHZ <1
We don't know p
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0O®0000000

Some estimators of the form i = Ay

y ER"y~N(u,0l)
n = number of samples
We observe yi,..., v, ¥i € R

Ni(i) = k-closest neighbors of i.
Nearest neighbors
Take fi; = %ZjENk(i) i

where

if 1 € Ni(i)

© x|~

otherwise
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Some estimators of the form i = Ay

Exercice
Ridge solves

B :arg;ninllxﬁ—yHQ+AHﬁHz (7)

1. Prove that X3 = Avidge(N)y.

2. Assume we observe one sample y = X3* + € with
€ ~ N(0,0°l,). What is the link with the Gaussian

sequence model ?
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Bias variance decomposition for linear estimators

yeR" y=p+e
e ~ N(0,021,)
Take an estimator of the form i = Ay (A deterministic)
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Bias variance decomposition for linear estimators

yeR" y=p+e
e ~ N(0,021,)
Take an estimator of the form i = Ay (A deterministic)

E[|l & — plf’]
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Bias variance decomposition for linear estimators

yeR" y=p+e
e ~ N(0,021,)
Take an estimator of the form i = Ay (A deterministic)

Ellli — pl] = |E[A] - pl* + E[la - E[A]IIF]  (8)
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Bias variance decomposition for linear estimators

yeR" y=p+e
e ~ N(0,021,)
Take an estimator of the form i = Ay (A deterministic)

Eflla — pl’] = IIE[2] — pl* + E[l & — E[2P]  (8)
= [I(A = l)ull* + E[]| Ae]|] (9)
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Take an estimator of the form i = Ay (A deterministic)

Eflla — pl’] = IIE[2] — pl* + E[l & — E[2P]  (8)
= [I(A = l)ull* + E[]| Ae]|] (9)
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Bias variance decomposition for linear estimators

yeR" y=p+e
e ~ N(0,021,)
Take an estimator of the form i = Ay (A deterministic)

Eflla — pl’] = IIE[2] — pl* + E[l & — E[2P]  (8)
= [I(A = l)ull* + E[]| Ae]|] (9)
= [I(A = I)pl* + o* tx(A" A) (10)

We don't know p
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Akaike Information Criterion

yeR" y=p+e

e ~ N(0,021,)

p = Ay

Theorem

E[l| & — pll?] = E[F(A)]
with P(A) = [[& — y[* +
202 tr(A) — o%n
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Akaike Information Criterion

yER"7y:lJ/+€ PI’OOf.
We h
e ~ N(0,021,) € nave
B=2 18— ylI? = 11— p—el?
Theorem = ||pt — pl]? — 2€" (o — p) + | €|

E[l| & — pll?] = E[F(A)]
with P(A) = [[& — y[* +
202 tr(A) — o%n
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Akaike Information Criterion

yER"7y:lJ/+€ PI’OOf.
We h
e ~ N(0,021,) € nave
B=2 18— ylI? = 11— p—el?
Theorem = ||pt — pl]? — 2€" (o — p) + | €|

Ef|| & — pl?] = E[F(A)]

with H(A) = & —ylI>+  E[|e[’] = o?n

202 tr(A) — o%n Ele" (o — p)] = E[e" Ae] =
tr(AE[ee]) = o2 tr(A) O
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Applications of Akaike information criterion

yeR y=p+e
e ~ N(0,021,)
l:\‘fs — Aridge()\)y

How should we choose \ ?

Take A = A = argmin, ?(Ayigge(A))
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Linear estimators
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Applications of Akaike information criterion

yeR ,y=p+e

e ~ N(0,021,)

fis = sy

How should we choose s 7

Take s = § = argmin, 7(s/)

Find 5
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Applications of Akaike information criterion

yeR y=p+e
e ~ N(0,0°1,)

A

Hs = SY
Take s =

0>
I

(1 — )
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Applications of Akaike information criterion

yeR y=p+e
e ~ N(0,0°1,)

A

fis = sy
Take s =5 = (1— 24).

lIyll?

Show that fu = (1 — 24) is a better estimator than MLE

—IvIP
when n > 5

2(n—2)y :
g H(;HQQ)) is a better estimator than

Show that /i = (1 —
MLE when n > 3
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home message

= |nadmissible estimator = there exists an estimator with a

lower E[||ft — p]]? for all p
= Take 1 = Ay
» Show E[| iz — p||> = E[F(A)] for some computable ?

= Take A = s/ and compute § = argmin 7(s/)
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